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ON THE MAIN EQUATION OF INVERSE STURM-LIOUVILLE 
OPERATOR WITH DISCONTINUOUS COEFFICIENT 

KH. R. MAMEDOV AND D. KARAHAN 


Abstract. In this work, a boundary value problem for Sturm-Liouville oper¬ 
ator with discontinuous coefficient is examined. The main equation is obtained 
which has an important role in solution of inverse problem for boundary value 
problem and uniqueness of its solution is proved. Uniqueness theorem for the 
solution of the inverse problem is given. 


1. Introduction 

In many practices, spectral problems are faced for differential equations which 
have discontinuous coefficient and discontinuity conditions in interval m-m)- These 
problems generally emerge in physics, mechanics and geophysics in non-homogeneous 
and discontinuous environments. 

We consider a heat problem in a rod which is composed of materials having 
different densities. In the initial time, let the temperature is given arbitrary. Let 
be the temperature is zero in one end of the rod and the heat is isolated at the other 
end of the rod. In this case the heat flow in non-homogeneous rod is expressed with 
the following boundary problem: 


, . du d^u , , 


0 < a; < TT, t > 0, 


du 

dx 


= 0 , 

a ;=0 


= 0 , 


t > 0, 


where p{x), q(x) are physical parameters and have specific properties. For in¬ 
stance, p (x) defines the density of the material and piecewise-continuous function. 
Applying the method of separation of variables to this problem, we get the spectral 
problem below: 


(1.1) - y” + q{x)y = \^p{x)y, 0<x<7r 

(1.2) y'(0) = y(7r) = 0, 

here q (x) G L 2 (0, tt) is a real-valued function, p (x) piecewise-continuous function 
the following: 


(1.3) 


p{x) 


1, 0 < X < a, 
a^, a < X < TT 
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A is spectral parameter and a(l + a) > ira. 

When p{x) = 1 or a = 1, that is, in continuous case, the solution of inverse 
problem is given in m-m- The spectral properties of Sturm-Liouville opeator 
with discontinuos coefficient in different boundary conditions are examined in |20) - 

m- 

In this study, the main equation is obtained which has an important role in 
solution of inverse problem for boundary value problem and according to spectral 
data, the uniqueness of solution of inverse problem is proved. Similar problems are 
examined for the equation (EB with different boundary conditions in |24| . 

It was proved (see m), that the solution ip{x, A) of the equation (11.11) with 
initial conditions A) = 1, A) = 0 can be represented as 


(1.4) 


(p(a;. A) = (/3o(a;, A) + / A{x,t) cos Xtdt 
Jo 


where A{x, t) belongs to the space L 2 ^p (0, tt) for each fixed x £ [0, tt] and is related 
with the coefficient q{x) of the equation (11.11) by the formula: 


(1.5) 


-^A{x, fJ.'^ix)) = —( IH- 

dx 'iy/pix) I \/p{x) 


dix), 


(1.6) (po(a;. A) = i n + 


cosXp,^{x) + ^ 1 ~ 


VpM, 


cos Xp (x) 


is the solution of EB when q{x) = 0, 

(1.7) d ~''(. x ) = ± xy / p { x ) + a (^1 =F VPix )^ 

It is similarly shown in 124], m that the roots of the equation A) = 0 have 
the following form 

An = A° + ^ + ^, A„>0, 

A^ n 

where {A°} are the eigenvalues of problem (II.IL (11.21) when q{x) = 0, is a 
bounded sequence, £ I 2 and norming constants: 

an = p{x)ip'^{x,Xn)dx. 

Jo 

2. Main Equation 

Theorem 2.1. For each fixed x £ [0,7r] the kernel A{x,t) from the representation 
satisfies the following linear functional integral equation 


- - - A (x, p^{t)) H-=A (x, 2a — t) + 


( 2 . 1 ) 

where 

( 2 . 2 ) 


^/i+(rc) 

+ F{xA) + / A{x,^)Fo{f,,t)df. = 0, 0<t<x 

Jo 

( ipo{t, Xn) cos XnX (/Jq (t, A° ) COS A° X 


Fo{x,t) = 


Qr] 
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(2.3) = + 




Fo(/i+(a;),t) + 7 : 1 - 




■Fo(m 


are eigenvalues and are norming constants of the boundary value problem 
iny, ra when q{x) = 0. 

Proof. From (na we have 

(2.4) ipQ{x,X) = g}{x,X) — / A{x,t) cos Xtdt. 

Jo 

It follows from (11.41) and (12.41) that 


N 


N 


P(x, Xn)<Po(ty Xn J _ 

1 1 
n—1 n—1 


(po(x,Xn)<fio(t,Xn) 


+ 


rU^ix) \ 

J A(x, f) COS Xnfd^ j = 


= E 

n—1 


^ ^^{x,Xn)g>o(t,Xn) ipoix,Xl)(po{t,Xl) 


Q-ri 

N 


T .0 


+E 


(po(a;, A°)(^o(i, A°) 


a: 


.0 




N 




n—1 

/i+(a;) 


V?o(i, A„)cosA„^ (po(t, A°)cosA°^ 


N 


df+ 


0 ^ aj; 

^ n—1 

^ tp(a;, An)i/?o(t, A„) _ ^ ^(a;, A„)(p(t, A„) 


n—1 n—1 

'i+f+\ N 


C^n 


•^0 n=l 

Using the last two equalities, we obtain 

^ (p{x,Xn)^p{t,Xn) (/5o(a:, A°)(^o(i, A°) 


E 

n=l 

N 

= E 




n=l 


(po(a;, A„)(/5o(i, A„) ipo{x, A° )v?o(^, A°) 


do 

^/.+ (rc) ~ f ipo(t,Xn)cOsXn^ (/Jq (t, A° ) COS A° ^ 


n=l ^ 


AT 




r "U(,_^,v^(£A4£2!Mdj, 

n=l 


Qri 
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or 

(2.5) 

where 


^N{x,t) = lNl{x,t) + lN 2 {x,t) + lN 3 {x,t) + lN 4 {x,t), 


N 


<^N{x,t) := ^ 

n— 

N 

lNi{x,t) := ^ 


n—1 


(p{x,Xn)‘f{t,Xn) (po{x,X^)(po{t,Xl) 


(po{x, Xn)ipo{t, An) (Po(x, X°)(po{t, A° ) 


CXn 


'-*’n 


lN2{x,t) ■- / A{x,i) V 

Jo _ 1 


(^o(i,A°)cos A°^ 


d^, 


l-li+ix) N , 

iNsix^t) := / A{x,i) V 

•^0 n=l A 


Vo(i, A„)cosAn^ A°)cosA°^ 


lN4ix,t) := / A(t,^) V ■ 

•^0 


Or! 

A 


Q: 


d^, 


ip{x, An) cos AnC 


d^. 


It is easily found by using ( 1 ^ and (lOl) 

^( 3 , f-J ‘fioix, Xn)(po{t, An) 'foix, Xl)(fio{t, A°) 


Let /(x) be an absolutely continuous function, /'(O) = /(tt) = 0. Then using 
expansion formula (see [ 21 ) 1 . 


00 

/ fiOpio 

_ 1 ^0 


(p{x, Xn)(p{t, Xn) 


dt = f{x), 


00 „7I- 

( 2 - 6 ) / fiOpit) 

n=No 


(^o(a;, A°)(^o(t, A°) 


dt = f{x). 


Using ( 1 ^ we have: 


= lim max 
AT—)-cx3 0<x<7r 


lim max 

N—^oo 0<x<7r 

f{t)p{t) 


f{t)p{t)^N{x,t)dt 


(f{x,Xn)ipit,Xn) (po{x,X'l)tfo{t,X'i) 


On 


dt 


< 


< lim < max 

V—foo 1 0<tc<7r 


N 


lo ^ Ctn 


(2.7) 


max 

0<x<7r 


N 


■'0 n=l 

We obtain uniformly on x S [0, tt] 


f{t)p{t) Y - fix) 


= 0 . 


lim [ fit)pit)lNiix,t)dt = 

N^ooJq 
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( 2 . 8 ) 

It follows from (11.61) that 


Lpo{x, A„)(^o(i, A„) Lpo[x, X°)(po{t, A°) 


dt = 


[ f{t)p{t)F{x,t)dt. 
JO 


</5o(^,A) , C < a, 


(2.9) cosA^ = 

l+CK 

Taking into account (12.91) and (12.61) . we get 


— <Po(| + a-f,A) + ^(/7o(2a-^,A) , ^ > a. 


lim [ f{t)p{t)lN 2 {x,t)dt = 
N^ocJq 


j-T^ rtF{x) N 

= „>™„ i, «‘W') ( 2l(*,oE 


V3o(t,A°)cos A°^ 


d^dt = 


n=l 
N 


= lim f f{t)p{t) f A{x,^)'^- 
Jo 


A°)(^o(?,A) 


d^dt+ 


c\ PTi pctx-aaA-ci 

+Tfs 


n—1 


a 


-t ptt pax — aa-\-a 

+ -— lim / f{t)p{t) j 24(a:,^)x 

l + av^-oojp 


n=l 


a 


pa ptt oo 

/ f{t)p{t)^ 

Jo Jo 


A°)v5o(^, A°) 


dtd^+ 


2a 


p<yx—aa-\-a 


f fit)pit)x 

JO 


X f; 


n—1 

1 pOLX—cx.a-\-a 

1 — a 


a 


n 


1 + do 

OO 

xE 


24(a:,6 [ f(t)p{t)x 
JO 

</’o(i,A°)(^o(2 a-C,A°) 


-dtd^ = 


pa cy pOLX—a.a^a / p \ 

= / A{x, OfiOd^ + / Al(:r, e)/ i + a - - de+ 

Jo l + ado V« «/ 


1 — a 
1 + a , 


aa+a 


Aix,0fi2a-0dC. 
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Substituting ^ ^ ~ a ^ 2a — ^ we obtain 

lim [ f{t)p{t)lN 2 {x,t)dt= [ A{x,^)f {i)d^+ 

Jo 

20-2 

+ —— / A{x,aC - aa +a) f {^')d^'+ 

1 + a A 

Aix , 2 a - nfinde - 


1 — a 

1 + ^7- 


otx-\-ota-\-a 


Since A{x, 2a — ^") = 0 when 2a — ^ > ax — aa + a, we have 

pTT nCL 

lim / f[t)p{t)lN 2 {x,t)dt= / A{x,t)f {t)dt+ 

N^^Jo Jo 

2 a^ r 

H-/ A (x, at — aa + a) f (t) dt+ 

^ + aJa 

+ T-—[ A{x,2a-t)f{t)dt. 

1 + a 7o 


Thus, uniformly on a; S [0, tt] : 


lim / f{t)pit)lN2{x,t)dt= [ ‘^^^^l^ A{x,p+{t))f it)dt+ 

Jo l + \/p(t) 


( 2 . 10 ) 


Jo 1 + \/P (t) 

1 - Ap(2a - t) 


Jo 1 + y/p (2a — t) 
Using (1^ . uniformly on x € [0, tt] 


A(x, 2a — t)f (t) dt. 


lim [ f{t)p{t)lN 3 ix,t)dt = 
N^ooJq 


/•IT ^ 

= lim / fit)p{t) 

Jo ^ 


poit, Xn) COS Xn^ 


Po(t,Xl)cos A°C 


= / f{t)p{t) / 

^0 ^0 _1 


d^dt = 

f ^o(^5'^n)cOS Xn^ 


= 1 


Po{t,Xl)cos A°C 


( 2 . 11 ) = r fit)p{t) r ^'^\{x,OFo{^A)dfdt. 

Jo Jo 

Using the residue theorem and the formula ^ggg [^), where 

-0 (x, A) is the solution of (jl.ip with initial condition '0 (tt, A) = 0, 'ip' (tt, A) = 1 and 
A (A) = (/3(7r, A) is the characteristic function of (ll.lll - (ll.3ll . A(A) = ^A(A) , we 
calculate 


d^dt = 


lim [ fit)pit)I]sf4ix,t)dt = 
N-^ooJo 
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pTT ^ 


ip{x, Xn) COS A„^ 


d^dt = 


qh(x X ) 

= 2 lim / f{t)p{t) V A„ . ’ " / A{t, cos Xn^d^dt = 

A(X„) Jo 


|A„|<A ^(-^n) -^0 


= 2 lim / f{t)p(t) ^ Res X ’ / A{t,i) cos X(d^ 


|A„|<Ar 


dt = 


= 2 lim f f(t)p{t)-^ (f X 

n^ooJq 27ri J-p 


1 f ^i;{x,X) 


Tat ^('^) do 


COS X^d^dXdt = 

= lim [ f{t)p{t)— { y g|JmA|^+(I)g-|JmA|M+(t) ^ 

AT ->00 Jo JrM ^(''') 




( 2 . 12 ) 


X / A(t, cos X^d^dXdt = 

Jo 

^ fit) pit) lim (—{ 

v^-oo \7rz /r^ A (A) 

X J Ait, ^) cos X^d^dXj dt 


where Fat = {A : |A| = N} . Since (see [21]) 


'ipixjX) = O 


,\Im\\(fi+{Tr)-fj.+ {x)) 


J |A| 


|A(A)| > XeGs, 

iGs = {A : |A — A„| > d} , d is a sufficiently small positive number) and according 
to Lemma 1.3.1 from 

Ait, ^) cos X^d^dX 


lim max 

I A|—^■oo 0<t<7r 


= 0 


from the equality (12.121) we get 

(2.13) lim [ fit)pit)lN 4 ix,t)dt = 0. 

N^ooJq 


Multiplying both sides of ()2.5p by p(a;)/(x), integrating from 0 to it, tending to 
limit when A —>• 00 and using (12.7p . (12.8L ()2.10|) . (12.lip and (12.131) we have 


2PW .+o^^ro^^. , r 1- 


/o 1 + \/p it) 


Aix,p'^it))f it) dt + 


'0 1 + \/p (2a - t) 


Aix, 2a — t)f it) dt+ 


pt^+{x) 


fit)pit)Fix,t)dt + fit)pit) I Aix,^)Foi^,t)d^dt = 0. 


Since fix) can be chosen arbitrarily, we obtain 

2 p(t) .+r-p\\ , 1 “ \/p(2a - 0 


1 + \/P it) 


Aix,p+it)) + 


1 + a/ P (2a — t) 


Aix, 2a — t) + Fix, t)+ 
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+ / Mx,OPo{^,t)d^ = 0- 


□ 


3. Theorem for the Solution of the Inverse Problem 

Theorem 3.1. For each fixed x S [0,7r] main equation i2.1\) has a unique solution 
A(x,.) G L2.P (0,/i+(a;)). 

Proof. We show that for each fixed x > a the equation m is equivalent to the 
equation of the form {I + B) f = g where is a completely continuous operator, I 
is an identity operator in the space L2,p(0,7r). (When x < a this fact is obvious.) 
When X > a rewrite m as 

LxA{x ,.) + KxA{x,.) = -F{x ,.), 


where 

(3.1) 


(L.f) (t) = 


(K^f) it) = 


/W + T+f^ t<a<x, 
j^f{at — aa + a) , a < t < x. 


OiX — aa-\-a 


fiOFoi^,t)d^, 0<t<x. 


It is sufficient to prove that is invertible, i.e. has a bounded inverse in L2,p (0, tt). 
Consider the equation (L^f) (t) = (j){t), (j){t) G T2,p (0,7r), i.e. 

fit) + -t)= (fit) , t<a<x, 

j^fiat — aa + a) = (fit) , a <t < x. 

From here it is easily to obtain 

- -1 


fit) - iL-^6) (t) - / ^ « 

Jit) [Fx (f)it) I i^ t+aa-a' ^ ^ 


We show that 
In fact, 


= Lf^cf <C\\(f\\ 


\fit)\ dt = 


(fit) - 


1 — a , f —t + aa F a 


dtp 


1 + a , f t + aa — a 


i pa 

dt <2 |(A(t)|^ dt+ 

Jo 


+2 


+ 


1 — a 


1 + q; 


—t + aa + a 


t + aa — a 


I / / \ i2 , a (1 — a) 

— 2 / |</'(^)| dt-\ --- 


a 

2 „A2+ 


dtF 


dt < 


\ifit)\'^ dt+ 


> a 


+a 


1 + a 


\(fit)\ dt. 
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We put (/>(t) = 0, when t > n. Then 

£ dt<c £ dt = c \\m\L,,■ 

So the operator is invertible in L 2 ,p (0, tt). Then according to Theorem 3 from 
pS] (see p. 275) it is sufficient to prove that the equation 


A{fi+{t)) + - - ^) ^(2a _ t)+ 


(3.2) 


1 + \/P (t) 1 + \/P (2a — t) 

pli+{x) 


has only trivial solution A{t) = 0. 

Let A{t) be a non-trivial solution of (13.211 . Then 


pit) 


^ A{n+{t)) + - - ^^^^3.A{2a - t)] dt+ 


pit) 


1 + V p it) 
2 


1 + yjp (2a — t) 


to \ 1 + \fpW) 

pp+(x) 


A{ii+{t)) + - — A{2a - t) ) X 


1 + \/p (2a — t) 

AiOFoiC,t)d^dt = 0 . 


From (12.2|) we have 

r Pit ) ^ 


^ A{ti+{t)) + - — ^'^ A{2a-t)] dt+ 


1 + V p it) 

pX 

+ 


1 + y/p {2a — t) 

V.V.)) r'“’vox 


E 

n—1 


Jo 1 + ypit) Jo 

^oit,Xn)cOsXn^ (po (^, A° ) COS A° ^ 


d^dt+ 


Jo 1 + \/p (2a — t) Jo 

^ / y)o(t,An)cos A„C _ (/;o(t,A°)cos A°A ^ ^ 


Using (13 and (1^ we obtain 
2 


^ 1 + \/P it) 

2p{t) 


[m 


A{n+{t)) + - -^^^^2^(2a-t) 1 dt+ 


1 + ^p {2a- t) 

<Poi^,Xn)‘foit,X„ 

n—1 


Cln 


-d^dt+ 


^o(^) Xn)^oit: An) 


d^dt+ 
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+ 


2p{t) 


0 1 + \Jp (t) 


A{p+{t)) 


pax—Oia-\-a 


AiOx 


^ 2a (l + a-f,A„) (/?o(t,A„) 

E -:- - - 


n—1 


1 “h Q! 


r 1 - Jp{2a-t) , .«x-aa+a 

+ / - ^(2q — t) I 7l((^)x 

Jo 1 + yjp {2a — t) Ja 

^ 2 a (l + a-f,An) V^oXAn) 

X 2 _^ -^- - - d^dt+ 


n—1 


1 -f- Q; 


rj /i\ rOiX—aa-\-a 


Jo 1 + a/ P {t) 

1 — a (/?o (2a — A„) (/?o {t, A„) 

n=l 


1 “h Q! 


A(e)x 


JO 1 + \/p ( 2 a — t) Ja 

oo 

xE 


ax—aa+a 


1 y /p {2a — t) 

1 - a (/?o (2a - A„) (/?o (i, A„) 


A(Ox 


n—1 


1 -}- Q! 


d^dt— 


2pit) 


lo 1 + p {t) 


pa 

A{p+{t)) A(0E' 

•^0 „=i 


V5o(C, A°)'/5o(i, A° 


-dS,dt- 


l-^ ^(2a-^) A(2a-0 T ^(0 E 

1 + a/p ( 2 a -0 7o 


V5o(^, A°)'/5o(i, A°) 


d^dt— 


n—1 

o /4.\ /*Q;x—aa+a 


/o 1 + a /P {t) 


A{0x 


^ 2 a V’o (|+ a-f,A°Eo/,A°) 

E -TTT^- d£,dt- 


\ -\- ol 


r \-^p{2a-t) 
lo 1 H“ y /p {2a — 


pax—aa+a 

A(2a-t) / A(^)x 

J a 

^ 2 a ‘/5o(| + a-f,Ao)(po/,A°) 

E -TTT^- d£,dt- 


\ -\- Oi 


o /j.\ pax—aa+a 

/ ^K)x 


0 1 + a/P (0 

1 - a -po (2a - A°) po (i, A°) 


E 


1 + a 


d^dt— 


r i-y^p{2a-t) 

0 1 + a/ P (2a — t) 

^ 1 - a Po (2a - C, A°) po (t, A°) 


pax—aa+a 


1 + a 


A{2a-t) f x4(^)x 

J a 

AOO 

= 0. 
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Substituting ^in third, fourth, ninth, and tenth double integrals and 

^ 2 a — ^ in fifth, sixth, eleventh and twelfth double integrals we get 

( 9 \ — J n(0n - 

P{t) 


+ ^- i) 1 dt+ 


1 + ^/p~(i) 


1 + 


/o 1 + 


vW -^0 an 




Po(^t ^n)Po(ij '^n 


-d^dt+ 


2 p(t) 


Sr 


a 


A(M+(t)) ^Ai^,+ iO)x 

J a 


lo 1 + ^/p~(t) 

2a^ Poi^,K)poit,Xn) 


O^n 


+ 


r 1 - a/p ( 2 a-t) 
0 1 + \/p ( 2 a — t) 


A(2a-t) f A(^+(0)x 

J a 


X f; 

n—l 


a 


OCr 


2p{t) 


lo 1 + p (t) 




A{2a - ^)x 


' —ax+aa+a 


X f; l-gy^O (g,A„)yo 


1 + a 


O^n 


+ r - - *^ A{2a-t) r A{2a-0x 

Jo 1 + \/p ( 2 a — t) J— ax+aa+a 


lo 1 H“ \/p ( 2 a — £) 

l-a(po (?, A„)(/?o {t,\n) 


E 

n=l 


1 + a 


d^dt— 


V5o(C, A°)(/?o(i, A°) 


/o 1 + \/p {t) 


na oo 

"'o „=1 

r 1 - ^P!^^^ A{2a - t) r AiOx 

Jo 1 + Jp{2a- t) Jo 


d^dt— 


E 


a/p ( 2 a-t) 
‘Po(?,A°)v3o(<,A°) 


d^dt— 


n—l 

Mt) 


Sr 


a 


A(p+(t)) r A{p+{i))x 

J a 

d^dt— 


lo 1 + \/p (t) 

2cp- v3o(C, A°)v3o(i, A°) 
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n—l 

2p{t) 


a 


a 


n 


ca 


/o 1 + yp^ 


Aip+it)) 


A{2a - ^)x 


' —ax-\-aa-\-a 




n—l 


\ -\- OC 


■ r ^--A^ A(2a-,)r A(2.-a. 

Jo 1 + \/ p (2a — t) J— ax-\-aa-\-a 


a/p (2 a-i) 

l-aV5o (C,A°) (po (t,A°) 


E 


1 + a 


o:„ 


d^dt = 0 , 


from which we have 


P{t) 


1 + vpif) 


Aip+it)) + L_A/^^^A{2a - t) 


2p{t) 


1 + p (2a — t) 

+..AA r 2p(o 


=A(p+(t)) 


Jo l-\- p{t) Jo 1 + \/p (0 

X A(p+( 0 ) V 

^ ^ rv.. 


Jo 1 + \/ P (2a — f) JO 


2 p(e) 


a/p (2a — t) Jo 1 + a/p (C) 

X ji(p+(o) V dccif+ 


n=l 


2p{t) 


lo 1 + \/p {t) 


Aip+it)) 


r 

0 1 + a/ p (2a — 


<ji( 2 a - 0 y 


n—l 


r i-,/p{2a-t) 
lo 1 + \/ p (2a — t) 

oo 

xPl(2a-0E 

n—l 

r 2 p(/ 


/■“ 1 

A{2a-t) / - 

JO 1 


1 - a/p (2a-g) 
0 1 + a/p (2a — 


<Po (C,Ari)po (i, An) 


Or) 


d^dt— 


lo 1 + \/p{t) 


Aip+it)) 


MO 


'o 1 + a/p iO 


‘fo {O M) Vo {t, M) 

xMMiO) y-^- '-d^dt- 


A{2a-t) [ 
Jo 


MO 


r l-v/p(2a-/ 

I 0 1 + a/ p (2a — f) 7o 1 + yMiO 

(C) A°) po (^) A°) 

x^(m ( 0 ) y-^- -d^dt- 


dt-\- 
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2p{t) 


lo 1 + \/pW) 


A{p+{t)) 


0 1 + p ( 2 a — 


c A( 2 a - 0 E didt- 


Or 


Jo 1 + Jo 1 + \/p{2a- 

‘Po (^,A°) ipo (t,A°) 


cA(2a-0E 


-d^dt = 0 . 


n—1 


Thus we obtain 

f pit) 

JO 

„„ 1 / 


^ A{p+{t)) + - -I dt+ 


+E 

n—1 
oo - 

-Ett 


, 1 + V p (t) 
2 


1 + y/p (2a — t) 


n \Jo E 1 + \/P (t) 


A{p+{t))+ ^ ^A(2a-t)Eo(^,An)dt] - 

l + VP(2a-t) J I 


p{t)[- - Aip+{t))+ ] ^} Ai2a-t)]poit,Xl)dt] =0. 

aii \.yn + l + v'p(2a-t) J I 


n=i V-^o \ 1 + \/p(^) 
Using the Parseval’s equality 


p{t)f{t)dt = E 


n=l 


-*=n \^0 


p{t)f{t)po (i,A°) dt 


for the function 


/(t) = -- ‘^=A{p+{t)) + Lr/^^^A{2a -t)G L2i0,x) 


1 + V p (t) 


1 + p (2a — t) 


we have 

tJ-Jl 


n—1 

or 


\ Jo 


1 + V p (t) 


A{p+{t)) + ^ -7===^(2a - t) Eo (i, A„)dt ) =0 

1 + VP(2«-U / J 


P{t) 


A{p'^{t)) + - - f ^ =A(2a — t) ) (/?o (t, A„) dt = 0, n>l. 


Jo \ 1 + (0 1 + P ( 2 a — t) 

Since the system {po (t, A„)}^>]^ is compete in L 2 ,p (0, tt) , we have 

2 . 


/l(Y(i)) 


1 + \/P (t) 1 + y/p ( 2 a — t) 

i.e. [LxA) (t) = 0, where the operator Lx is defined by (13.11) . From invertibility of 


Lx in L 2 ^p ( 0 , 7 r) we get A{x,.) = 0. 

Theorem 3.2. Let L and L be two boundary value problems and 


□ 


An — Anj On — On, (u € Z) . 


Then 


q{x) = q{x) X £ [0, tt]. 
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Proof. According to (12.21) and (12.31) Fo{x,t) = Fo{x,t) and F{x,t) = F{x,t). Then 
from the main equation m, we have A{x,t) = A{x,t)- It follows from (11.511 that 
q{x) = q{x) x € [0,7r]. □ 


4. Example 

Using we can transform the main equation (EH) to the following equation: 

(4.1) 
where 

(4.2) 


A{x,t)F{x,t )/ A{x,^)F{x,^)d^, 0<t<x, 

Jo 

^ ^ f V>oi.t,>^n)‘fo{x,Xn) V ?0 (t, A° )y7o (x, A° ) 

V rv- rvO 


n—1 


and 


A(x, t) , 0 < t < X 

A{xA) 5 0<t<—axFaaFa 
^) — S t) + j^A{x, 2a —t) , —ax — aaFa<t<a<x 


l-j-Q; 

j^A{x, at — aa + a) , a < t < x. 


We assume that A„ = A° = ~ l) ’ ^ > 1; cin = tt, n > 1; ai = 


2 L• „,o — ^ > 1. From the formula (14.21) , we obtain 


(4.3) 


F{x,t) = -p{t)(po{t, Xi)(po{x, Xi). 


Substituting (14.311 into the main equation (14.111 we obtain 


A{x,t) = - p{t)(fo{t,Xi) 


ipo{x,Xi)+ A{x,^)(po{^,Xi)d^ 


(4.4) 
where 

(4.5) 


A{x,t) = - p{t)(po{t, Xi)L{x), 


L{x) = ipo{x, Xi) + / A(x,Ov5o(C, Ai)d^. 

Jo 

Substituting (14.41) into (14.51) we obtain 

1 r 

L{x) = ipo{x, Ai)- L{x) / Xi)d^. 

Jo 

Using the dm), we calculate the integral into last equation. Then, we have 


(4.6) L{x)={ 2 a/ ) ’ ^ 

[ (/3o(a;,Ai) - ^L(x)$(x,Ai) , a<a 


< X < a 
X < TT, 


where 


^ , a sin2Xia 


+ x(a + 1)" 


X — a + 


1 /sm2Ai(ax — aa + a) 


2Ai 


I 


— sm2Aio 


Ti(a-l)^ 


X — a — 


1 f sin2Xi{—ax F aa + a) 


— sin2Xi{2a — x) 
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From (146)1 . 

(4.7) L{x) = 


ipo { x , Xi ) [l + Ai)]“ 


, 0 < X < a 

a < X < TT, 


Substituting (14.711 into (14.411 we get 
(4.8) 

-^‘Po{t,Xi)‘Po{x,Xi) 


A{x,t) = 


1+2f(^+^) 


-1 


Xi)ipQ{x, Ai) [l + ^‘^{x, lamhdai)] 


0 < X < a 
a < X < TT, 


where 0 < t < x and Ai = 274 ^- Thus, we obtain the solntion of main equation 
dnn. If we use the formula (11.511 then, we obtain the potential q{x). 
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